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Abstract— In this paper, an improved set-membership partial-
update pseudo affine projection (I-SM-PUPAP) algorithm is 
presented. An approximation that leads to solving a linear system 
with a direct method is used. It is proved that I-SM-PUPAP 
algorithm has a much lower numerical complexity and memory 
requirements than recently proposed I-SM-PUAP algorithm. 
Simulation results identify an inherent compromise between the 
convergence rate, complexity reduction and the number of 
updates. 

Keywords—adaptive filtering; set-membership filtering; partial-
update; identification problem. 

I. INTRODUCTION 

The adaptive filtering [1] has found application in many areas 
such as noise cancellation, active noise control, signal 
prediction, echo cancellation, communications, radar, speech 
processing etc. Various NLMS, affine projection (AP), 
recursive least square (RLS) or lattice RLS based algorithms 
have been proposed [1]-[3]. In many applications where the 
number of filter coefficients is high (e.g. acoustic echo 
cancellation) there is a need for less numerically complex 
algorithms. It was shown in many papers (e.g. [4]-[10]) that 
the average computational complexity of the adaptive filters 
can be reduced if not all filter weights are changed at each 
algorithm iteration.  

Another approach to the above called partial-update (PU) 
algorithms is to use the set-membership filtering (SMF) idea 
[1]. In this approach the filter weights are not updated when 
the estimation error is lower than a chosen constant [9]. 
Implementation of SMF algorithms involves two main steps: 1) 
error calculation and comparison with a prescribed threshold, 
2) parameter update. The set-membership versions of the 
NLMS (SM-NLMS) and affine projection (AP) algorithms 
(SM-AP) are less numerically complex than NLMS and AP 
respectively [11–13]. It has been verified [13] that smaller 
estimation bound accelerates the convergence speed, but also 
increases the number of updates. Also, using a higher error 
estimation threshold reduces the number of updates, but 
decreases the convergence rate.  

The SM-PUAP algorithm, introduced in [1], was shown that 
simultaneously reduce the number of updates and accelerate the 

convergence speed. Firstly, a hypersphere centered at the present 
weight vector whose radius equals the distance between the 
present weight vector and the weight vector that would be 
obtained with the SM-AP algorithm is constructed [12]. This 
radius is used in the improved SM-PUAP (I-SM-PUAP) 
algorithm [12].  

However the recently proposed I-SM-PUAP algorithm would 
be more useful if its internal calculations are examined closely 
aiming at further reduction in the computational complexity. 
The resulting algorithm should achieve this goal without 
compromising the good performance of the I-SM-PUAP 
algorithm in terms of speed of convergence and misadjustment 
in stationary environment. 

In this paper, we propose a less computationally complex 
algorithm by incorporating previously used technique to derive 
the pseudo affine projection algorithm [14] from the AP 
algorithm. This algorithm is called improved set-membership 
partial update pseudo affine projection (I-SM-PUPAP) 
algorithm.  

In the following section the I-SM-PUPAP algorithm is 
presented. Section III shows simulations of the considered 
algorithms and the tradeoff between complexity reduction and 
the convergence speed is investigated whereas section IV 
presents the conclusions.  

II. THE I-SM-PUPAP ALGORITHM 

The following vectors, matrices and parameters are used: 

( ) ( ) ( ),..., 1n n n L = − + X x x , where L is the data reuse 

factor, ( ) ( ) ( ),..., 1
T

n x n x n N = − + x , where N is the order 

of adaptive filter, I is an L L×  identity matrix,  δ  is a small 

positive constant, ( ) ( ) ( )0 1...
T

Ln e n e n− =  e  with 

0,..., 1,i L= −  and ( ) ( ) ( )... 1
T

n d n d n L = − + d . 

In the partial-update algorithm M out of N coefficients are 
changed [12]. The coefficients that are updated are specified 

by ( ) ( ) ( ){ }1 ,...,M MI n i n i n=  with ( ){ }
1

M
j j

i n
=

 from the 
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{ }1,..., N  set. A comprehensive description of the I-SM-PUAP 

algorithm can be found in [12]. Table I shows the equations of 
I-SM-PUAP algorithm [12]. 
        The I-SM-PUAP algorithm performs an update whenever 
the adaptive filter coefficients are not at the intersection of the 
last L constraint sets delimited by the threshold denoted by γ . 

The coefficient update is determined by minimizing the 
following constrained cost function. 

 ( ) ( ) 21
min 1

2
n n+ −w w   

subject to 

 ( ) ( ) ( ) ( )1Tn n n nγ− + =d X w  (1) 

 ( ) ( ) ( )1I nm
n n + − = C w w 0  (2) 

where in this paper we will consider only a single constraint 
set related to the error ( )0e n , meaning that the coefficients 

are updated whenever the error is such that 

( ) ( ) ( ) ( )0
Te n d n n n γ= − >w x . In this case the vector 

equation in the first constraint becomes a scalar equation. The 
solution to this optimization problem can be found in detail in 
[12].  

TABLE I.  THE I-SM-PUAP ALGORITHM 

Step Initialization 

( ) ( )1 1 [0...0] ;T− = − =w x  ,  δ γ  

 For 0n ≥  
1      ( ) ( ) ( ) ( )Tn n n n= −e d X w  

2        If  ( )0e n γ>  

3 

      ( ) ( )
( )

0

2

min
e n

n
n

γ
μ

 − ± =   
 

x
 

4 
      ( ) ( ) ( ) ( ) ( ) ( ) ( )

1
T

I n I nm m
n n n n nδ

−
 = +  

a C X X C X I e  

5       ( ) ( ) ( ) ( ) ( )1 /
2

n n n n nμ+ = +w w a a  

6      Else 

7        ( ) ( )1n n+ =w w  

8      End 
9 End 

 
Using a similar approach to the pseudo affine projection 
algorithm [14], the first column of the inverse matrix, required 
in step 4 of Table II and denoted as ( )ˆ np  is computed, 

therefore the following linear system is solved by a direct 
technique:  
 

 ( ) ( ) ( )( ) ( ) [ ]ˆ 1,0...0 .
TT

I nm
n n nδ+ =X C X I p  (3) 

The weight update equation is modified as follows 

 ( ) ( ) ( ) ( ) ( )
2

ˆ ˆ1 / ,n n n n nμ+ = +w w a a  (4) 

where ( )ˆ na  is defined as follows 

 ( ) ( ) ( ) ( ) ( )0ˆ ˆ .I nm
n n n e n=a C X p  (5) 

In this paper the LDLT method [15] is used due to its low 
complexity and stability. Table II shows the equations of the 
proposed I-SM-PUPAP algorithm. Important complexity 
savings in terms of multiplications are obtained by replacing 
steps 4 and 5 from Table I with Eqs. 3-5. Also, the step 1 of I-
SM-PUPAP is (L + 1) times less complex than step 1 of I-SM-
PUAP. The numerical complexity of steps 3-5 of I-SM-PUAP 
algorithm in terms of multiplications for one iteration i.e., 

when ( )0e n γ>  is  

( ) ( )

( )
2 2

_ 35

3 2

3 2 4

10 23 20 / 6

I SM PUAPC N L L N L

L L L L

− − = + + + + +

+ + +
 (6) 

The average numerical complexity of I-SM-PUAP algorithm is  

 ( ) 1 _ 351I SM PUAP I SM PUAPC N L Cβ− − − −= + +  (7) 

where 1β represents the percentage of performing steps 3-5 
from all I-SM-PUAP algorithm iterations. 

TABLE II.  THE I-SM-PUPAP ALGORITHM  

Step Initialization 

( ) ( )1 1 [0...0] ;T− = − =w x  ,  δ γ  

 For 0n ≥  
1      ( ) ( ) ( ) ( )0

Te n d n n n= − x w  

2        If  ( )0e n γ>  

3 

      ( ) ( )
( )

0

2

min
e n

n
n

γ
μ

 − ± =   
 

x
 

4 
      Solve ( ) ( ) ( )( ) ( )ˆ 1,0...0

TT
I nm

n n nδ+ =   X C X I p  

5       ( ) ( ) ( ) ( ) ( )0ˆ ˆ
I nm

n n n e n=a C X p  

6       ( ) ( ) ( ) ( ) ( )ˆ ˆ1 /
2

n n n n nμ+ = +w w a a  

7      Else 

8       ( ) ( )1n n+ =w w  

9      End 
10 End 
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The number of multiplications of I-SM-PUPAP algorithm for 
one iteration of steps 3-6 having a similar γ is  

( ) ( )
( )( )

2 2
_ 36 1 2 5

1 8 / 6

I SM PUPAPC N L N L L

L L L

− − = + + + + +

+ +
 (8) 

The average numerical complexity of I-SM-PUPAP algorithm 
is  

 2 _ 36I SM PUPAP I SM PUPAPC N Cβ− − − −= +  (9) 

where 2β represents the percentage of performing steps 3-6 for 
all I-SM-PUPAP algorithm iterations.  

 
Figure 1. Numerical complexity of I-SM-PUAP and I-SM-PUPAP 

algorithms for two cases: a) L = 5 and variable N; b) N = 80 and variable L. 

 

Figure 1 shows a comparison of the numerical complexity of 
the I-SM-PUAP and I-SM-PUPAP algorithms for two cases: L 
= 5, variable N and N = 80, variable L. In both situations it was 
considered that 1 2 10%β β= = . It can be seen that I-SM-
PUPAP algorithm is much less complex than I-SM-PUAP 
algorithm, especially for high values of N or L. For example, if 
N = 80 and L = 20, the proposed I-SM-PUPAP algorithm is 
about 14 times less complex than I-SM-PUAP algorithm.  

III. SIMULATION RESULTS 

A system identification example is used in order to 
compare the I-SM-PUAP algorithm [12] and the proposed I-
SM-PUPAP algorithm. Also the results of using NLMS with a 
step size of 0.1 and the lattice RLS (LRLS) [2] having a forgetting 
factor of 0.97 are shown. The order of the unknown system is N = 
80 and its coefficients are random scalars with standard 
normal distribution [12]. The input signal is a Gaussian 
noise with zero mean and unitary variance, with SNR =20 

dB ( 2 0.01nσ = ). The threshold is 225 nγ σ= , 1210δ −= , 

( )0 [1,1,...,1]T=w . The threshold bound vector ( )nγ  as 

( ) ( ) ( )0 00
/e nn e nγ γ= is adopted and 

( ) ( ) ( ) ( ) ,T
i n d n i n n iγ = − − −w x for i =1,.., L −1  [1], [12] 

and [16]. These are the same parameters used for simulations 
in [12] and [16] and the reasons for choosing them are 
explained in the previously mentioned references. The MSE 
curves are averaged over 50 trials.  

Figure 2 shows the averaged MSE performance for the 
considered algorithms for L = 5. It can be noticed that I-SM-
PUP algorithm has a slightly slower initial convergence speed 
than I-SM-PUAP algorithm.  

 
Figure 2. Averaged MSE curves of NLMS, LRLS, I-SM-PUAP and I-SM-

PUPAP algorithms for a Gaussian input signal. 

 

Figure 2 also shows that the performance of the AP variants is 
between that of NLMS and LRLS algorithms, which is an 
expected result [1]-[2]. The LRLS has the fastest convergence 
rate, while NLMS has the lowest convergence rate for the 
chosen parameters. Among the considered algorithms it is 
known that NLMS is the least complex while the LRLS is the 
most complex [1]-[2]. 

Figure 3 shows the averaged MSE curves for the considered 
algorithms for L = 5 having an AR(1) input signal (with a pole 
at 0.95).  

The average number of updates for I-SM-PUAP for L = 5 is 
6.4% while for I-SM-PUPAP is 9.8%. The performance/cost 
ratio defined as the average MSE on the last 1000 iterations 
divided by the number of multiplications per iteration [17] is 
8.7802E-04 dB/multiplication for I-SM-PUAP while it is 
3.72E-03 dB/multiplication for I-SM-PUPAP, i.e., the 
proposed algorithm is 4.2 times more efficient. This efficiency 
is increasing with L (e.g. is 5.3 times more efficient for L = 20). 

It can be noticed from Fig. 3 that the I-SM-PUPAP algorithm 
has a slower convergence speed and attains a higher MSE 
value than I-SM-PUAP. The average number of updates for I-
SM-PUAP with L = 5 is 6.4% while for I-SM-PUPAP is 19%. 
The performance/cost ratio [17] is 7.9E-04 dB/multiplication 
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for I-SM-PUAP while it is 1.6E-03 dB/multiplication for I-
SM-PUPAP, i.e., the proposed algorithm is about two times 
more efficient. 

 
Figure 3 Averaged MSE performance of I-SM-PUAP and I-SM-PUPAP 

algorithms for a correlated input signal. 

 

Typically, the number of updates of I-SM-PUPAP algorithm is 
higher than that of I-SM-PUAP, but it can be reduced by 
increasing the bound on the output estimation. The future work 
will be focused on finding the theoretical bound for the 
convergence rate of the proposed algorithm and investigate its 
use for other applications such as active feedback cancellation 
[18]. 

IV. CONCLUSIONS 

The I-SM-PUPAP algorithm aiming to obtain a good 
compromise between convergence rate and numerical 
complexity has been presented. Numerical simulations for 
system identification problem have confirmed that the I-SM-
PUPAP algorithm has a lower convergence rate than recently 
proposed I-SM-PUAP algorithm, but also has a higher 
performance/cost ratio even if the number of updates is higher. 
In conclusion this work presents a new adaptive filtering 
algorithm that exploits possible resources to make the final 
implementation computationally efficient, while keeping the 
performance competitive in comparison to a related 
algorithm.  
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